EXPONENTIAL DECAY OF EIGENFUNCTIONS AND 

GENERALIZED EIGENFUNCTIONS OF A NON 
SELF-ADJOINT MATRIX SCHRODINGER OPERATOR 

RELATED TO NLS 

DIRK HUNDERTMARK AND YOUNG-RAN LEE 

Abstract. We study the decay of eigenfunctions of the non self-adjoint 
matrix operator Tt = ( A ^{^ U a-^s-!j)' ^ or A* > 0, corresponding to 
eigenvalues in the strip — fi < RcE < [i. 
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1. Introduction 
For some positive /x, we consider the system 

H -={ -W A-n-u)' (L1) 

with real-valued functions U and W. We will impose some weak conditions 
on U and W which insure that 7i is a closed operator on the domain 
V(H) = H 2 (R d ,C 2 )- The unperturbed operator H , where U = W = 0, is 
given by 

-A + fi 
A — (j, 

Note that 7i is a self-adjoint operator on the domain if 2 (IR d ,C 2 ) and, by 
inspection, the spectrum of Ho equals <j(Ho) = (— oo, — /i] U [/i, oo). 
Our assumptions on U and W are 

A. £/ and W are — A-bounded with relative bound zero. That is, the 
domains T>(U) and D(W), as multiplication operators with real- 
valued functions, contain the Sobolev space H 2 (M. d ) = Z>(— A) and 
for all e > there exists a C e such that 

\\Xg\\ 2 < e\\ - Ag\\ 2 + C e ||^|| 2 for X = U,W. 

B. U and PU decay to zero at infinity. 
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Let us explain how such a non-symmetric system naturally arises in the 
stability/instability study of solutions of the non-linear Schrodinger equa- 
tion (NLS): The NLS is a non-linear evolution equation of the form 

id t ip = -Aip - F(\<ip\ 2 )ip onl d (1.2) 

for some real-valued non-negative function F, for example, F(s) = s a with 
a > 0. Making the ansatz if>(t, x) = e ltfl <f)(x), with /i > 0, one gets the time 
independent NLS 

(_ A + M -F(|0| 2 ))0 = O. (1.3) 

Now let <p be a solution of (11.31) . If <p > one often calls it the non-linear 
ground state, but we will not make this requirement. Perturbing ip a bit, 
one makes the ansatz ip = e ltfl (<j) + R) and gets the equation 

id t R— [ — A + fj,- (F(|0| 2 ) + F'(\<P\ 2 M 2 )]R - F> {^cfR + N 

where AMs a term quadratic in R. Note that (ft can always be chosen to be 
real-valued, however, we do not need to make this assumption. The above 
can be written as the system, 

where M is a term quadratic in R, H. is as in (11. ip . and the potentials are 
given by U = -F(\(j)\ 2 ) - F'(|0| 2 )|0| 2 and W = -F' (\<p\ 2 )<p 2 . Hence the 
non-linear system (11.41) describes the time behavior of a perturbation R of 
the NLS around a stationary solution <p. 

Since M is quadratic in R, one sees that to first order in the perturba- 
tion R, the spectral properties of systems like the one in (II .ip determine 
the linear stability/instability properties of (11.41) and hence the linear sta- 
bility/instability of stationary solutions of the NLS (11.21) . For this reason, 
the study of the spectral properties of operators given by (11.11) has received 
renewed interest in recent years, see, for example, [H El HI [TJ [T71 [201 12"T] - 

Remark 1.1. (i) Assumption A is equivalent to 

lim A + i A) ~ 1 1 1 = 

A— +oo 

for X — U, W, see, for example, [5], [121 [15]. Note that because of assumption 
A, the operator TC is a closed operator on its domain V{7i) = V{Hq) = 
H 2 (R d ,C 2 )- 

(ii) Assumption A is fulfilled, if U and W obey certain local uniform 
LP-conditions, U, W G L p loc uni{ (R d ) with p = 2 for d < 3 and p > d/2 if 
d > 4, or, slightly more generally, if they are in the Stummel class Sd, see 

nana nsi. 
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(iii) We want to stress the fact that we do not make any assumptions on 
how fast U and W decay, only that they tend to zero at infinity. 

Our first result deals with the essential spectrum of systems like (11. ip . 
Since there are several non-equivalent definitions for the essential spectrum 
of non-self adjoint operators, let us discuss these a little bit in more detail: 
Let T be an arbitrary closed operator on a Hilbert space. Its resolvent 
set p(T) consists of all z G C such that T — z is boundedly invertible. Its 
spectrum is given by er(T) = C \ p(T). A closed operator T is Fredholm, 
if its range is closed and both the kernel and co-kernel, the orthogonal 
complement of its range, are finite-dimensional. Its index is the difference of 
the dimensions of its kernel and co-kernel, ind(T) = nul(T) — def T, where 
nul(T) = dimker(T) and def(T) = dimran(T)" 1 ". T is semi- Fredholm, if 
its range is closed and either its kernel or co-kernel is finite-dimensional. 
Consider the following sets 

• Ai(T) = {z G C| T — z is semi- Fredholm}. 

• A2(T) = {z £ C\T — z is semi- Fredholm and nul(T — z) < 00} . 

• A 3 (T) = {z G C| T - z is Fredholm}. 

• A 4 (T) = {z G C| T - z is Fredholm with ind(T - z) = 0}. 

• A 5 (T) = {z G A 4 (T)| a deleted neighborhood of z is in p(T)}. 

Note that p(T) = {z G C| T — z is Fredholm with nul(T — z) = def(T — z) = 
0}. Thus all sets defined above contain the resolvent set p(T) and possible 
definitions for the essential spectrum, in terms of Fredholm properties, are 
given by 

a essJ (T)=C\A j (T), j = l,...,5. 

Remark 1.2. (i) These definitions are taken from page 40 in [BJ, see also 
[TT] . The first one is the one used by Kato, see page 243 in [H|, the fifth 
was introduced by Browder, j2] , see also the discussion in Appendix [B] 

(ii) Theorem IX-1.5 in [BJ shows that 0" ess 5 (T) is the union of cr esSi i(T) with 
all components of C \ a CSSj i(T) which do not intersect the resolvent set. 

(iii) For self-adjoint operators, all definitions above coincide. In general, 
one has the inclusions 

o"css,iC^) c Cess,2(W) C ae SS)3 (7Y) C a essA (H) C (T esSt5 (H) C a(H) 

since A 3 -(T) is a decreasing sequence of sets containing the resolvent set 
p(T). All of the above inclusion can be strict, see the discussion in [TT]. 

(iv) Another natural definition, in the spirit of the essential spectrum for 
self-adjoint operators, is to define the essential spectrum as the complement 
(in the spectrum) of the discrete spectrum. More precisely, if we denote 
by o"disc(^) the set of all isolated points A G er(T) with finite algebraic 
multiplicity. Then the essential spectrum should be given by cr(T)\crdi SC (7 1 )- 
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This definition of essential spectrum is introduced on page 106 in [IB] . In 
fact, it coincides with the fifth one, 

CO = cr(T) \ 

Cdisc 

(T). (1.5) 

We could not find any proof of this in the literature and, for the convenience 
of the reader, give a proof of this in Appendix [Bl 

(v) It might be surprising that in our case all of the above five definitions 
of essential spectrum coincide, as the following theorem shows. 

Theorem 1.3. Under the above conditions on U and W , one has 

cr eS s,j(H) = o-(H ) = (-00,-/4] u It 1 ' 00 ) f or 3 = I, 2 , 3, 4, 5, 

and the spectrum ofTi outside of its essential spectrum consists of a discrete 
set of eigenvalues of finite algebraic multiplicity. 

Moreover, cr(7i) is symmetric under reflection along the real and imagi- 
nary axes, that is, cr(H) = —a(TC) and a(lH*) = cr(7Y). 

Remark 1.4. (i) The only condition needed on V = ( is that V is 
relatively Ho-compact, which is the case if U and W are relatively Laplacian 
compact. 

(ii) Because of Theorem 11.31 there is no need to distinguish between the 
different definitions for the essential spectrum in the following. 

(iii) Since Ti is not self-adjoint, it can happen that, for some eigenvalue z, 
ker((H - z) 2 ) ^ ker(H - z), that is, H can possess generalized eigenspaces 
(a non-trivial Jordan normal form). However, the generalized eigenspace 
stabilizes, that is, for any z G o-{7i) \ cr css (7i) there is a k G N with kei(TC — 
z) m+l = ker(?i — z) m for all m > k, see the proof of Theorem 11.31 In the 
application to the non-linear Schrodinger equation, this typically happens 
at z = 0, see [221 M, EH EU- 

(iv) Under the so-called positivity condition, 

L_:= - A + fi + U -W >0, 

one has a (Ti.) C lUiR and each eigenvalue with z ^ has trivial Jordan 
form, ker((7i — z) 2 ) = ker(7i — z). That is, the generalized eigenspace for 
non-zero eigenvalues coincides with the eigenspace. Under the positivity 
condition, only z = can possess a generalized eigenspace. This is, for 
example, shown in [U [T7] and the proof carries over to our assumptions on 
UandW. 

Our main goal in this paper is to prove that the generalized eigenfunctions 
of the above system with energies in the gap of the essential spectrum decay 
exponentially. This is the content of the next theorem. 
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Theorem 1.5. Let E be an eigenvalue of TC with —/i < Ke(E) < fi. Then 
under the above assumptions on U and W , every eigenfunction and general- 
ized eigenfunction corresponding to E decays exponentially. More precisely, 
if (7i — E) tp = for some k G N, we have the l? -decay estimate 

e (VM-|ReE|-2a)|a^ £ tf^d ^ ^ j Qr fl// posUwe fi < ^ _ \ ReE \). 

(1.6) 

Remark 1.6. This result improves the exponential decay estimates of [17] 
in two directions. First, the authors of [T7J need much stronger condi- 
tion on the off-diagonal part W, namely some exponential decay of W. 
Secondly, they considered only (generalized) eigenfunctions corresponding 
to real eigenvalues within the gap (— fi, /x). However, as shown in [HI [9] 
and [10], certain supercritical non-linearities lead to linearizations of NLS 
around the ground state which have a pair of purely imaginary eigenvalues 
in addition to their generalized eigenspace at zero, see also Lemma 17 in 
[2T)j . Our result shows that no a-priori decay rate for the matrix poten- 
tial has to be specified for this. Moreover, the decay rate is uniform in 
the imaginary part of the eigenvalues and explicitly depends only on the 
positivity of \i — |RoE|. 

In the next section we give the proof of Theorem 11.31 Theorem 11.51 is 
proved in Sections [3] and HI Exponential decay of eigenfunctions is given in 
Section [3] and exponential decay of generalized eingef unctions in Section HI 

Acknowledgement: It is a pleasure to thank Wilhelm Schlag for bringing 
this type of spectral problem to our attention. Young-Ran Lee thanks the 
School of Mathematics at the University of Birmingham, England, for their 
warm hospitality. Furthermore, we would like to thank Des Evans for some 
discussions and the unknown referee for numerous comments which, in 
particular, helped to improve Theorem 11.31 



2. Proof of theorem 11.31 

Using, for example, the Fourier transform, one sees that the unperturbed 
operator Ho is self-adjoint on H 2 (M. d , C 2 ) and that its spectrum is given by 
o~(Ho) = Ocss(7^o) = (—oo, —fj] U [/!, oo). Recall that all different notions of 
essential spectrum coincide due to the self-adjointness of Ho. Since U and 
W are Laplacian bounded with relative bound zero and go to zero at infinity, 
they are Laplacian compact. In particular, this implies for V = (J^ Z;/) 
that 

V(Ho — z) ^ 1 is compact 
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for all z G C \ a (Ho) = C \ ((-oo, -//] U [/i, oo)). Thus, by Theorem IX-2.1 
in Jo], 

o"cssj(^) = o" ess (W ) = (-00, -//] U [/i, oo) for j = 1, 2, 3, 4. 

To prove the claim for a esSt5 (TC) we need to know a bit more about the 
resolvent set of TC. Let us first prove that the eigenvalues of TC in C\a(TC ) 
form a discrete set with only <j(TCq) are possible accumulation points. By 
Remark ll.l.il and the assumptions on V, we see that 

lim WViHo + iX)- 1 ]] = 0. (2.1) 

A^oo 

Using ( 12. II) . one sees that 1 + V^Wo — ^O -1 is invertible for some complex 
z and hence the analytic Fredholm alternative, see [To] , shows that there 
exists a discrete subset -D of C\a(Ho) such that 1 + ^(7^0 — -^O^ 1 is invertible 
for all z G C \ cr (7Yo) which are not in 7J. 

This set D is precisely the set of all eigenvalues of TC in C\ct(TCq). Indeed, 
by the compactness of V(TLq — z)^ 1 , 1 + V(TCq — z)' 1 is not invertible if and 
only if -1 G a(V(H - z)- 1 ). So there exists a non-trivial <p G L 2 (R d ,C 2 ) 
with 

V(H - z)- 1 ^ = -<j). 
With ip = (Ho — z)^ 1 ^, we can rewrite this as 

(Ho + V> = n/>, 

so z is an eigenvalue of TC with eigenvector if). In addition, reversing the 
above argument, one sees that if z G" C \ cr(TCo) is an eigenvalue of TC, 
then —1 G a(V(TCo — z)^ 1 ) and hence z G D. So the set D consists of all 
eigenvalues of TC in C \ a(TCo). 

As a second step, let us show that the resolvent set of TC is quite big, it 
contains C \ (cr(7i ) U D). Indeed, for any z G" cr(TCo) U -D? 

(W - z)(H - z)- 1 ^ + V(H - z)- 1 )- 1 = 

(Ho-zXHo-zy^l+ViHa-zy^+ViHo-zy^l+ViHo-z)- 1 )- 1 = 

(1 + V(H - z)- 1 ) (1 + V(H - z)- 1 )- 1 = I. 

Thus, for those values of z, TC — z is surjective. A similar calculation shows 

(H Q - z)- 1 (1 + V(H - z)- l Y\n -z) = I, 

so TC — z is also injective, and hence a bijection if z ^ cr(7Y ) U D. Thus, by 
the closed graph theorem, TC — z is boundedly invertible for those values of 
z with inverse 

(TC - z)- 1 = (Ho - z)-\l + V(TC - z)- 1 )- 1 . (2.2) 
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In particular, the resolvent set of Ti contains at least the set C\(a(Ho)UD), 
where the discrete set D is the set of eigenvalues of Ti in C \ a (Ho). 

Coming back to <T esSi 5(H), we simply note that, due to the above, C \ 
&ess,i(7~C) is a connected set which intersects the resolvent set of Ti. Hence, 
by Remark II. 2. hi 

CTess,5(X) = O css a{TL) = (-OO, -fj] U [//, OO) 

also. 

Now we show that the generalized eigenspace corresponding to eigenval- 
ues z G D of Ti is finite-dimensional. Let P Zo be the corresponding Riesz 
projection. See chapter 6 in [12], chapter III-6.4 in [14] , or chapter XII. 2 
in [16] for a definition and a discussion of the general properties of Riesz 
projections. By the discussion on page 178 in [H] one knows that ran(P Zo ) 
is a reducing subspace for Ti and one knows, see III-6.5 in [14J, that Ti — z 
restricted to ran(P Z0 ) is quasi-nilpotent, that is, its spectral radius is zero. 
Again, from formula III-6.32 in [T4] one knows that P ZQ is the residue of 
(Ti — z)^ 1 at z = z . 

By the analytic Fredholm theorem, the residues of (1 + V(Tio — z)^ 1 )^ 1 
at z = zq are finite rank and, using (12.21) . we then know in addition that 
P Zo is a finite rank operator. In particular, Ti — z^ restricted to ran(P 2o ) is 
nilpotent, since every finite rank quasi-nilpotent operator is nilpotent, see 
problem 1-5.6 on page 38 in [13] . That is, there is an m G N such that 
ker(Ti- z ) m = mn(P Z0 ). 

The symmetry of the spectrum around the real and imaginary axis is well- 
known. It follows from the fact that Ti is unitary equivalent to its adjoint 
Ti* and to -Ti. Indeed, writing L = —A + fx + U, that is, Ti = (\ ^ L ), 
one has 

1 \ f L W \ f 1 \ _ ( L -W 
-1 I [ -W -L I [ -1 ) ~ [ W -L 



Ti* 



and 



1WL W \ f 1 \ _ f -L -W 

1 ) [ -W -L ) [ 1 ) ~ [ W L 



-Ti. 



Remark 2.1. There is an alternative way to show that cr CSSj5 (7i) = <j(Ti). 
Once one knows that p(Ti) 7^ one can use Remark 1 1 . 2 . i vl and the fact that 
the unperturbed operator TLq is self-adjoint with a gap in its spectrum to 
argue as follows: A simple calculation, using (12.21) . gives 

(Ti - z)- 1 - (Ho - z)- 1 = -(Ho - zY\l + V(Ti - z)- 1 )- 1 V(Ti - z)~\ 

for z G p(Ti) fl p(Tio). Since the right hand side is a compact operator, a 
version of Weyl's criterion for suitable non-self- adjoint operators, Theorem 
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XIII. 14 in [16], shows cr(H) \ <7disc(T) = a(7Yo))- In addition, this imme- 
diately gives that the spectrum of TC outside of a(Ho) has finite algebraic 
multiplicity since it is the discrete spectrum. 

3. Exponential decay of eigenfunctions 

We show in this section that every eigenfunction of 7i corresponding to 
an eigenvalue E with —ft < ReE < n decays exponentially. 

Let if = ( ^ ) be an eigenfunction with eigenvalue E, i.e., Hip = E<p, or, 

L(px + W(f 2 = ELp x 
—Wtpi - Lip 2 = Eip 2 - 

This can be rewritten as 

L — E W \ ( <Pi 
W L + E )\ip 2 

Thus we are led to study the zero energy eigenfunctions of the energy 
dependent operator 

L — E W 
W L + E 



0. 



Recalling L = —A + /j, + U, we can write He = H e + V with 

H W-=[ o -A + fi + E ) and V '-=\W U 

Note that the eigenvalue E need not be real, since 7i is not a self-adjoint 
operator. This corresponds to the fact that, for complex E, the energy 
dependent operator H E will also not be self-adjoint. In this case, we have 
He = Reifg + ilmHE, where 

-A + n - ReE + U W 

W -A + fi + ReE + U 



ReH 
and 



\mHp 



-ImE 
ImE 

To prove exponential decay of (pi and (p 2 , we apply a modification of the 
Agmon method from the theory of Schrodinger operators, see, for example, 
|13j . to the operator He- We need the following three preparatory lemmas. 

Lemma 3.1. Let B C R = {x E R d : \x\ > R}. Then 



S: = hm inf ( ^' , { ,f m : tp E H 2 (R d , C 2 ), supp(^) C B C R ) > fi E , 

R^OD I \\f\\ ' 

(3.1) 
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where we put he '■= // — |RaE7|. 

Proof. Since —A > 0, we obtain RqHqe > //£?• Indeed, for any <p G 
Dom(Ho) = H 2 (R d ,C 2 ), 

(<p, RefZ" ,B ^) l 2 (R d ,c 2 ) = (V 9 ^ (-A + /i - Re£)y?i) L 2 (IRd) 

+ (<^ 2 , (-A + // + ReE)^)/^) 
> (/i-Re^ll^ill^ + ^ + Re^H^II^ 
^ AeIMIl^r^c 2 )- (3.2) 

To estimate (ip,Vip), note that the matrix V = (w'u) has eigenvalues 
I7d= Thus 

(^y^x 2 ( Rd ,c 2 )> / (C/(x)-|W(z)|)(|^i(x)| 2 + |^(x)| 2 )dx. 

By assumption A, the two functions U and W tend to zero at infinity, so 
for any e > 0, there exists R e > such that £/(x) > — e/2 and |W(a;)| < e/2 
whenever \x\ > R e . Using this and the above lower bound, one immediately 
gets for any ip with supp((^) C , 

(<P,V<p) > -e\\(p\\ 2 L2{Rd)C i y (3.3) 

Combining (I3.2p and (13.31) . we get 

Re(<p,H E <p) = (<p, ReH ,E<p) + (<p, V<p) > - e)|M| 2 , (3.4) 

for any <p G Dom(H) with supp(<^) C B C R . Since the infimum in the 
right-hand side of (13. ip is increasing in R, H3.4[) gives 

S > fi E - e. 

Since e > is arbitrary, we conclude (13. ip . ■ 

For the next lemma, we need a cut-off function jr. Let < j < 1 with 
j G C°°(JR + ) and j(t) = 1 for < t < 1 and j = for t > 2 and put 
j R {t) =j(t/R). Moreover, let (x) = y/l + \x\ 2 . 

Lemma 3.2. Let — // < ReE < //. Then for any positive 5 < //e/2, 
there exists R = R(S) > such that with the cut-off function j = jn and 
uniformly in e > 

( m (ReH E - \Vf t \ 2 ) 3V ) > 6{j<p,j<p), if G H 2 (R d ,C 2 ), 
where f £ (x) = — with (3 = \/fiE — 25. 

1 + £{X) 
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Proof. By assumption, [j,e = A* — \ReE\ > 0. Pick any < 5 < /j,e/2- 
By Lemma 13.11 there exists Rs > such that for all (p G Doi7i(He) with 
supp(^) C B c Rg , 

{ip, ReH E p) >(fJ-E-S) (<p, (p) . 
Thus, with the cut-off function j R = Jr(S), we obtain, for any ip G H 2 {R d , C 2 ), 

(j R ip,ReH E j R <p) > (/is - S){j R <p, j R <p). 

Since |V/ e | < @, we get 

(jRV, (ReH E - \Vf e \ 2 )j R ip) >(p.E-8- f3 2 )(j R <p,j R <p) = 5(j R (p,j R (p). 

■ 

Lemma 3.3. If, in addition to the hypothesis of Lemma \3.2l He<P = 0, 
then 

\\3Re f M\<&~ l \\J'[HoM<P\\ (3-5) 
where [H ,j R ] = H Jr ~ 3rH and H = ( ~ A +M _ A ° +/ J . 

Proof. Let C%°(M. ) be the set of bounded, infinitely often differentiate 
functions. Note e ±9 V(H E ) = V(H E ) and, since e 9 H E e~ 9 = e 9 ReH E e~ 9 + 
ilmH E , also 

Re(^, e 9 H E e~ 9 tl = (V, {^H E - \Vg\ 2 )^} (3.6) 

for any ip G Dotti(He) and any real valued function g G C^°(IR d ), see 
Appendix [A] 

Let -f/^y? = 0. Since f e G C fe °°(M d ), the product e /e is in the domain of 
H E - So we can apply Lemma I3~21 with ip replaced by e^tp. Using (13.61) . we 
obtain 

6\\j R e f '<p\\ 2 < tine f '<P, (^H E - \Vf e \ 2 )j R e^) 
= Re(j R e fe ip, e fe H E e~ fe j R e fe <p) 
= Re(j R e f *<p,e f <H E jR(p). (3.7) 

As H E <p = 0, the right hand side of (13.71) is equal to Re(je^(p, e^[H E , j]p>)- 
Then, by the Cauchy-Schwarz inequality and [He,j] = [Ho,j], we conclude 

(EO). ■ 

The following corollary finishes the proof of Theorem 11.51 for eigenfunc- 
tions. 



EXPONENTIAL DECAY 11 

Corollary 3.4 (= Theorem 11.51 for eigenfunctions) . Let —fi < KeE < \i 

and ip an eigenfunction of zero energy for He, i.e., Hip = E<p. Then ip 
decays exponentially. More precisely, for all positive 5 < — |Rei£|) ; 



[HoJr] 



e (^^\ReE\-2S)\ X \^ x) e L 2( R d )C 2y 

Proof. Simply note that [H , j] is a first order differential operator concen- 
trated on the annulus R < \x\ < 2R. Indeed, 

-A + fjiJn] \ = f[-A,j R ] 

{-A + fi, jR } J \ [-A,j R ] 

-Aj R ) - Vj R ■ V 

{-Aj R ) - Vj R ■ V 

and j R is constant outside the annulus R < \x\ < 2R. Thus e^[— A, j] is a 
bounded operator in H 2 (M, d ) with a uniform bound in e. Hence also 

limsup ||e^ e [i?o, j]ip\\ < oo 

for any p> G H 2 {R d ,C 2 ). Since f £ | / as e — > we can use dominated 
convergence and (13.51) to conclude for any eigenfunction of H. with energy 
E 

|| e VM3-2tf(:r>j^|| = l im || e / £j ^ || < 

for any < 5 < //g/2, where He — H — \KeE\ > 0, by assumption. Since 
j = 1 outside a compact set, e v '^e-^s{x) <^ j g S q Uare integrable on all of 



4. Exponential decay of generalized eigenfunctions 

The method in the previous section can be used to show that all gen- 
eralized eigenfunctions decay exponentially. We need a little extension 
of Lemma 13.31 But first some more notation: For ip G L 2 (R d ,C 2 ) let 
<p = ( ). With this, we have the following 

Lemma 4.1. Let —fi < KeE < fi. Assume that for some fc 6 N, ipi-i G 
Dom{HE) k ^^ 1 ^ 1 ' 1 for I — 1, ... ,k with ipi = He^i-i- Then for all positive 
5 < he/2 we have 

k-l 

\\jeHo\\ < ^25-« +iy >\\ef'[H ,j]il>i\\ +r*||e^ fc || (4.1) 
1=0 

Proof. It is enough to show that 

||je^-i|| < r^He^^cil^-ill + l|e /£ i^ll) (4-2) 
for I = 1, . . . , k. Then ( 14.11) follows from iterating this bound. 
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Using Lemma [3.21 and the assumption He^i-i — V'l we see 
%'e^-i|| 2 < 0'e /e V/-i, (KeH E -\Vf e \ 2 )jeHi-x) 
= Re(je /E ^/-i, e h E E e~ h je h ^i-i) 

= Ite0e /e V»i-i,e /e #i5#i-i) 

= Re(je /E ^_i, e /e [# B , + e /e j^) 

= IteO'e A Vi-i,e /e [flo,j]Vi-i) +Re(je fc ip l _ 1 ,je f ^ l ) 

< ||je /e Vi-i||{||e /e [ff ,j]V'i-i|| + lb'e /e ^||}, 

which gives (14.21) . since || II = lli^^ll- ■ 

Corollary 4.2 (= Theorem 11.51 for generalized eigenfunctions) . Let E £ 
C u>rf/i /i < Rei? < /i and ip be a generalized eigenfunction of TC with 
eigenvalue E. Then, for all positive S < ^(/i — |Rei£|), 

e ( v /M-|ReB|-2<5)|x|^ e L 2 (M d ;C2) _ 

Proof. Using Theorem 11.31 see also Remark ll.4.iiil we know that the gen- 
eralized eigenspace corresponding to E is finite dimensional. Thus there is 
afceN such that ker(H - E) m+1 = kei(H - E) m for all m > k. So fix this 
k and assume that (H — E) k ip = 0. Put ipi = (H — E) l <p and ipo = ip. Then 
ipi — iTi — E)ipi-\. Or, in terms of the operator He, 

ifo = HehI>i-\. 

Note that in this case iph — 0. So for all < 5 < /xe/2 and large enough i? 
Lemma 14.11 gives for all e > 

Ib'e^Voll <X)*" (,+1) ll e/e [^o,j]^ll- 
Letting e — > 0, as in the proof of Corollary 13.41 finishes the proof. ■ 

Appendix A. Proof of equation (13.61) 

Here we prove equation (13.61) . that is, 'Re{ip } e g H E e~ g ip) = (ip, (ReH E — 
| Vg\ 2 )ip) for any ip e Dom(H E ) and any real valued function g e 

Proo/. Since V(e~ s ^) = e~ 9 (V^ - (Vg)ip), we have e 9 Ve" 9 = V - Vg. 
Thus, 

e 9 (-A)e- 9 = -(e 9 Ve- J ) 2 = -(V - Vg) 2 = -A + V ■ Vg + Vg ■ V - (Vg) 2 
= -A - |V#| 2 + iB 
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where the operator B = —i(V ■ Vg + Vg • V) is self-adjoint. Therefore, 
6 UeC I e°(-A)e-° + n + E J +& VC 



-A — \Vg\ + iB + p — E 

-A- \Vg\ 2 + iB + E 

= H E -\Vg\ 2 + iB. 
Taking the real part, one arrives at ( 13.61) . 



+ V 



Appendix B. On the equality of certain essential spectra 

Let us now prove fll.5f> . that is, cr(T) \ cr disc (T) = cr CSSj5 (T) for any closed 
operator T in a Banach space X. Here cx(T) is the complement of the 
resolvent set p(T) and the discrete spectrum <7di SC (^) is the set of all isolated 
points in er(T) with finite algebraic multiplicity. Recall that in this case, 
the nullity and deficiency are given by 

nul(T) = dimker(T) 

and 

def(T) = dim (X/ran(T)). 

From the definition of resolvent set, the set of all z G C for which T — z 
is a bijection (and hence boundedly invertible, by the inverse theorem), we 
have 

p(T) = {z G C| T — z is Fredholm with nul(T — z) — def(T — z) — 0}. 

Recall that o" esSj5 (T) = C \ A 5 (T) with 

A 5 (T) = {z G C| T - z is Fredholm with ind(T - z) = 

and a deleted neighborhood of z is in p(T)}. 

A straightforward rewriting of this condition shows that 

A 5 (T) = p(T) U {A| A is an isolated point in cr(T) such that 
T — A is Fredholm with ind(T — A) = 0}. 

Thus to show (11.51) it is enough to prove 

Lemma B.l. Let T be a closed operator on some Banach space X . Then 

o~&\sc(T) = {A| A is an isolated point in o~(T) such that 
T — A is Fredholm with ind(T — A) = 0}. 
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Proof. Let A be an isolated point in a(T) such that T — A is Fredholm 
with index zero. Since A (jL p{T) and ind(T — z) — 0, we must have < 
nul(T — A) < oo, which implies A is an eigenvalue of T with finite geometric 
multiplicity. Since ran(T — A) is closed, Theorem IV-5.10 in conjunction 
with Theorem IV-5.28 in [H] shows that the algebraic multiplicity of A 
must also be finite. Hence A G adi SC (T). 

Conversely, let A G er d i SC (T), i.e., A be an isolated point in a(T) with 
finite algebraic multiplicity. We need to show that T — A is Fredholm 
with index zero. By Theorem III-6.17, together with Section III-6.5 in 
|14j . there is a decomposition of X = M' © M" such that M' and M" are 
reducing subspaces for T and M' D M" = 0. In fact, if Pa is the Riesz 
projection corresponding to A, then M' = ran(Px) and M" = ran(l — P\). 
Furthermore, T — A restricted to M' is bounded and quasi-nilpotent and 
T — A restricted to M" is bijective. Note that A having finite algebraic 
multiplicity is equivalent to M' being finite-dimensional. In particular, 
ran(T — A) = ran((T — A)|m') © M" is closed. One has 

ker(T - A) = ker((T - A)| M ') © ker((T - \)\ M „) 

and 

X/(T - A) = M'/(T - X)\ M , © M"/(T - \)\ M „. 

Hence, 

nul(T - A) = nul((T - \)\ M ,) + nul((T - A)| M ») 

and 

def(T - A) = def((T - A)| M ') + def((T - A)| M »)- 

Since (T — A)|m" is a bijection, we know that the second terms above are 
zero, that is, nul(T — A) = nul((T— A)|m') and def(T — A) = def {{T— A)|at). 
Moreover, both are finite, since M' is finite dimensional, and the well-known 
dimension formula from finite dimensional linear algebra shows that 

nul((T-A)| M 0=def((T-A)| M 0. 
Thus T — A is indeed Fredholm with index zero. 



Remark B.2. Let us also remark on the original definition of essential 
spectrum by Browder, see Definition 11 on page 107 in [2]. Browder defines 
c-essAT) = C\A B (T) with 

Ab(T) = {z G C\ ran(T — z) is closed, z is of finite algebraic multiplicity, 
and z is not a limit point of o~(T)}. 
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One can rewrite this as 
A B (T) = p(T) U {z G C\ ran(T — z) is closed and z is an isolated point 

in cr(T) with finite algebraic multiplicity}. 

As shown in the proof of Lemma fB.lt for any isolated point z G cr(T) with 
finite algebraic multiplicity, ran(T — z) is always closed. Thus, in fact, 

A#(T) = p(T) U {z G C\ z is an isolated point in a(T) 

with finite algebraic multiplicity} 

= p{T) U cr disc (T), 

where the last equality is due to Lemma IB. II Hence Browder's original 
definition indeed gives the same essential spectrum as a ess ^(T). 
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